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Two models for delayed hydride cracking (DHC) in zirconium alloys are distinguished by their first step:

– The loading of a crack induces hydride precipitation. The hydride is postulated to create a hydrogen
concentration gradient, where the bulk concentration is greater than that at the crack tip. This concen-
tration gradient is taken as the driving force for diffusion of hydrogen to the crack tip, and subsequent
hydride growth. This model is called the precipitate first model (PFM).

– The tensile stress at the crack tip induces a gradient in chemical potential that promotes the diffusion
of hydrogen to the crack tip. Hydrides form if the hydrogen concentration reaches the solubility limit
for hydride precipitation. The mechanism is postulated to create a hydrogen concentration gradient,
where the bulk concentration is lower than that at the crack tip. The gradient in chemical potential
is taken as the driving force for diffusion of hydrogen to the crack tip, and subsequent hydride growth.
This model is called the diffusion first model (DFM).

The second model, DFM, is developed. This model is shown to describe the main features of the exper-
imental observations of DHC, without invoking new phenomena, such as reduction in the solubility limit
for precipitation of hydride, as required by the PFM.

Crown Copyright � 2009 Published by Elsevier B.V. All rights reserved.
1. Introduction

A time-dependent mechanism of fracture that requires cracking
of zirconium hydride has been responsible for several failures of
zirconium alloy components in both nuclear reactors [1–3] and
chemical plants [4]. The mechanism is called delayed hydride
cracking or DHC. Similar failures are observed in other hydride
forming metals [5]. The mechanism requires a component or spec-
imen to contain a stress-raiser, such as a crack, and a source of ten-
sile stress, either residual or externally imposed.

DHC has been extensively reviewed [5–9] showing that its phe-
nomenology includes the following observations:

(a) The microstructural feature responsible for cracking is pre-
cipitation of zirconium hydride formed at the stress-raiser.
The precipitates are usually in the form of a collection of
platelets, with normals parallel with the maximum tensile
stress.

(b) Despite Observation (a), DHC can take place when no
hydrides are present in the bulk.
009 Published by Elsevier B.V. All
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(c) Time is required between the imposition of the stress and
the start of cracking: the incubation time. Cracking of the
hydride is rapid once a critical condition, associated with
its size, is reached. Since time is required to re-establish
the critical condition, subsequent cracking is intermittent.
On the fracture surface of Zr–2.5Nb each cracking step is
usually associated with a striation, representing broken
hydrides and a small amount of ductile fracture of the zirco-
nium matrix.

(d) A threshold condition for stressing, usually characterized as
K IH, has to be exceeded before cracking will start, but thereafter
the crack velocity, vc , has little or no dependence on K I, Fig. 1.

(e) The temperature dependence of vc is complicated, Fig. 2. The
maximum value of vc has an apparent Arrhenius behaviour
described by
rights re
vc ¼ vo expð�Q=RTÞ ð1Þ

where Q is the activation energy for DHC in kJ/mol, R is the
Gas Constant (8.314 kJ/mol K), T is the temperature in K and
vo is a constant. If the temperature is attained by heating
from T1 in Fig. 2, initially vc follows Eq. (1), but as the temper-
ature is increased vc starts to decline at T2 and cracking even-
tually stops at T3. On cooling from a high temperature, T4, a
temperature is reached where cracking will reinitiate at T5

and reach a maximum value at T6. This behaviour has been
served.
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Fig. 1. The dependence of crack velocity on stress intensity factor, K I .

Fig. 2. Schematic diagram of the temperature dependence of DHC in zirconium
alloys showing the effect of heating and cooling. vmin is the minimum detectable
velocity.

Fig. 3. The TSS lines for Zr–2.5Nb [14] and some points that are used in the text to
illustrate the DFM and to distinguish it from the PFM.
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associated with the large ‘hysteresis’ in the temperature
dependence of the terminal solid solubility for hydrogen in
zirconium when dissolving (TSSD) or precipitating (TSSP) hy-
drides [10–13]. Up to 1 at.% (112 parts-per-million by weight,
or ppm) hydrogen, the temperature on heating, above which
all the hydrides have dissolved, TD, is about 60 �C greater than
the temperature on cooling, when the hydrides start to pre-
cipitate, TP. Fig. 3 shows two curves that depict the standard
TSS lines for hydrogen in zirconium on heating, representing
dissolution (TSSD), and cooling, representing precipitation
(TSSP). At any temperature, the concentration of hydrogen
in solution is much higher for the precipitation solvus, CP,
than for dissolution, CD. For example, in Zr–2.5Nb at 250 �C,
CD is 29.3 ppm while CP is 65.7 ppm [14].
DHC requires three basic steps. These steps are (1) the nucle-
ation of a hydride at the stress-raiser followed by (2) growth of
the hydride until (3) the conditions for its fracture are satisfied.
Repetition of these three steps leads to crack growth. The first step
has been modeled by:

Stress-induced precipitation, which implies that CP is decreased
and TP is increased at the stress-raiser. This process will be
called the precipitation first model (PFM).
Hydrogen diffusion up the hydrostatic stress gradient to the
stress raiser where hydride precipitates when the increased
hydrogen concentration exceeds CP. This process will be called
the diffusion first model (DFM).
The models are considered for two situations: when hydrides
are present in the zirconium matrix and when all the hydrogen is
in solution. These cases are illustrated schematically in Fig. 3. Con-
sider a cracked specimen containing a total hydrogen concentra-
tion of Ct heated to temperature TZ where all the hydrogen is in
solution. After cooling to TY between the TSSP and TSSD lines, again
no hydrides are present. On loading and applying PFM, precipitates
are formed and the concentration of hydrogen in solution at the
crack tip is lowered. In contrast, for cracking by DFM at TY the
hydrogen concentration in solution increases at the crack tip up
to CP because of the stress gradient.

When the specimen is cooled to the solvus for precipitation, TP,
hydrides can form in the zirconium matrix. On further cooling to
TX, the hydrogen concentration in solution everywhere in the ma-
trix is reduced as hydrides precipitate. On loading and applying
PFM, hydrides are instantaneously formed at the crack tip reducing
the hydrogen concentration in solution at the crack tip relative to
the bulk. With DFM there is likewise no initial concentration gradi-
ent, however, hydrogen in solution moves to the crack tip under
the influence of the stress gradient and, upon reaching the thresh-
old for nucleation, hydrides form.

Simpson and Ells [15] suggested both the PFM and the DFM in
their explanation of cracking at a weld in Zr–2.5Nb. In a fuller mod-
el, Dutton and Puls and their co-workers [16–19] also invoked both
the PFM and the DFM at TX, Fig. 3. Here the situation modelled was
the development of a hydride in a region of size ‘ adjacent to the
crack tip and an array of hydrides a distance L from a crack tip (rep-
resenting the interhydride spacing). In the PFM, because of the vol-
ume increase during hydride precipitation, the tensile forces from
the imposed stress are able to do work and enhance the precipita-
tion step. Because of the perceived effect of hydrostatic stress on
the local terminal solubility of hydrogen in zirconium, the concen-
tration of hydrogen in solution at L is greater than the concentra-
tion at ‘ and the matrix hydrides provide the source of hydrogen
while the crack tip acts as a sink for hydrogen. The DFM was con-
sidered to make a small contribution but was included for com-
pleteness. Later the hysteresis of the solubility limit was
included. The volume increase during hydride precipitation was in-
voked as the explanation for TD and TP being so far apart [20].

As an extension of this model, Kim [21] started with a temper-
ature between TD and TP attained by cooling, TY in Fig. 3, so initially
all the hydrogen is said to be in supersaturated solution. On the
imposition of a tensile load on a specimen containing a crack, a hy-
dride is postulated to nucleate at the crack tip. This precipitation is
said to cause the supersaturation of hydrogen to decrease to CD at
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the stressing temperature. Thus a concentration gradient is set up
between the crack tip (at CD) and a region away from the crack,
which contains the starting hydrogen concentration in supersatu-
rated solution. This concentration gradient is said to be the driving
force for DHC. This model is thus not new, but a variation on the
initial Dutton and Puls model starting with all the hydrogen in
solution. The DFM is categorically rejected by Kim as ‘‘an incredible
assumption” [22].

In both versions of the PFM, the concentration of hydrogen in
the bulk is greater than that at the crack tip. Both versions require
that CP be lowered by tensile stress. To date, no experimental evi-
dence for such a reduction has been presented for zirconium alloys.
The experimentally determined value of the partial molar volume
of hydrogen in zirconium [23] implies that any effect of stress on
solubility limits is small [24]. A theoretical treatment [25] also con-
cluded that ‘‘solvi relations derived experimentally in unstressed
solids can be used to a good approximation to determine the con-
ditions at which hydrides will precipitate at . . . crack tips”. This
evidence casts doubt on the importance, relevance and application
of the precipitation first mechanism – PFM – as the correct model
for the first step in DHC in zirconium alloys.

The DFM does not require the solvus to be changed by tensile
stress. The DFM has been invoked to explain DHC when no hy-
drides are present in the zirconium matrix, TY in Fig. 3; on cooling,
cracking was induced close to, but below TD (Observation (b)) [26–
28] while the DFM gave a satisfactory explanation for the effect of
heating and cooling on DHC (Observation (e)) [29]. Also, Eq. (1) was
followed, with no apparent change in Q, whether the starting
microstructure contained hydrides, (TX, Fig. 3), or not, (TY, Fig. 3)
[30], thus the DFM has general application. In the DFM, the concen-
tration of hydrogen in the bulk is lower than that at the crack tip,
which is opposite to the PFM.

In this paper we discuss the DFM. Only the first step of DHC is
considered. The rate of crack growth is assumed to be controlled
by the rate of hydrogen arrival at the crack tip. We explain much
of the phenomenology of DHC by DFM and discuss the rival mod-
els. The eventual suppression of cracking at very high temperaures
[31] is discussed. No mechanisms of hydride fracture are dis-
cussed: no insight is offered on the initiation of cracking, K1H.
2 In general, velocity is not proportional to force: a constant force produces
constant acceleration, for constant mass (Newton’s Law), and this results in an ever-
increasing velocity. However, velocity can be proportional to force for situations
where the accelerated mass is continually colliding with surrounding material, for
2. Hydrogen diffusion under stress

A difference between the PFM and the DFM is that the former
posits a concentration gradient as the ‘driving force’ for hydrogen
movement, whereas hydrogen diffusion in the DFM happens be-
cause of a gradient in the chemical potential,1 l. The chemical-po-
tential formalism is more general, and consistent with earlier
findings that the tendency for particles to diffuse can be related to
the chemical potential [33]: ‘‘gradients in chemical potential rather
than concentration gradients are the fundamental motivating forces
in diffusion” [34]; strictly speaking, a concentration gradient is not a
force, having dimensions of mass � length�4, but a gradient in a po-
tential is a force, having dimensions of mass � length � time�2.
However, in the absence of applied stress, the DFM reduces to the
PFM, so depending on the circumstances, the DFM and PFM can pro-
vide equivalent descriptions, as is shown below.

The DFM mathematical description for the movement of hydro-
gen in zirconium under stress can be formulated by solving the dif-
fusion equation based on gradients of chemical potentials.
1 ‘‘If to any homogeneous mass in a state of hydrostatic stress we suppose an
infinitesimal quantity of any substance to be added, the mass remaining homoge-
neous and its entropy and volume remaining unchanged, the increase of the energy of
the mass divided by the quantity of the substance added is the [chemical] potential
for that substance in the mass considered” [32].
The flux of diffusing species (hydrogen), J, is defined as the
product of their average velocity, v̂ , and their concentration, C:

J � v̂C ð2Þ

Phenomenologically, the velocity is found to be proportional to
a driving force.2 The proportionality constant is called the mobility
C, and the driving force is the gradient of the chemical potential,
rl, such that

v̂ ¼ �Crl ð3Þ

Hence, the phenomenological equation for the flux is [35]

J ¼ �CCrl ð4Þ

This equation is the microscopic (continuum) form of Ohm’s
Law. The chemical potential [32] is defined as

l ¼ l� þ RT ln a ð5Þ
¼ l� þ RT ln cC ð6Þ

where a is the activity [36] of hydrogen in solution: a ¼ cC, where c
is the activity coefficient and C is the concentration of hydrogen in
solid solution measured as a fractional amount (grams of hydrogen
per gram of zirconium, expressed as parts-per-million by weight, or
ppm) [37]. The reference state for the chemical potential, l�, can be
arbitrarily defined; in this study it is defined by the bottom (zero-
point energy) of the potential well in which hydrogen sits in solid
solution, which depends on stress.

The flux given by Eq. (4) is related to a diffusion constant when
Fick’s 1st empirical law [38] applies (i.e., the flux depends linearly
on the concentration gradient such that J ¼ �DrC):

J ¼ �CCrl ¼ �DrC ð7Þ

The relationship between diffusion constant and mobility is

C ¼ D
C

@l
@C

� ��1

¼ D
@l

@ ln C

� ��1

: ð8Þ

Substituting Eq. (6) into Eq. (8) leads to the Einstein-Smolu-
chowski relation [39,40]

C ¼ D
RT

ð9Þ

Hence, Eq. (4) becomes

J ¼ �DC
RT
rl ð10Þ

Substituting the gradient of Eq. (6) into Eq. (10) yields, for iso-
thermal conditions (i.e., no temperature gradient), the general
equation for the hydrogen flux in the absence of thermal gradients:

J ¼ �D rC þ C
RT
rl� þ C

c
rc

� �
ð11Þ

Eq. (11) is called the ‘Nernst–Einstein’ equation. The second
term on the right-hand-side of Eq. (11), ð�DC=RTÞrl�, is called
the ‘drift term’.

For this paper, it is generally assumed that activity coefficients
are the same at the crack tip and in the bulk and, hence, that there
instance electrons in semiconductors, or hydrogen in zirconium jumping between
interstitial sites in the lattice. If at each collision or jump the diffusing species stops,
then the average ‘drift’ velocity will be equal to the acceleration due to the force,
multiplied by the average time between collisions or jumps. Hence, the average drift
velocity is proportional to the average time between collisions or jumps divided by
the mass (which together is called the mobility) multiplied by the force, which is
written as the negative gradient of a potential.
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is no gradient in activity coefficients. This assumption is valid for
dilute solutions in which the solute species do not interact. There
are no reported activity coefficients for hydrogen in solution in zir-
conium so, for the present purpose, dilute is defined as less than 2
at% (�200 ppm by weight), which is the concentration of hydrogen
in solution in titanium above which activities were no longer line-
arly related to concentrations [41]. Titanium is a good comparator
because it is in the same group as zirconium in the Periodic Table,
and it has the same crystal structure and a similar partial molar
volume for hydrogen.

A cross-sectional view of a crack is shown schematically in
Fig. 4. Consider the case where initially there is no applied external
stress on this crack, and the concentration of hydrogen in solution
is everywhere the same (i.e., the concentration gradient is zero at
time zero). When tensile stress is applied to the crack, hydrogen
flows to the stressed region directly in front of the crack from
the unstressed bulk region far from the crack. The stress changes
the potential-well depth, l�, in which the hydrogen sits (Fig. 5),
and causes a chemical potential gradient between the crack and
the bulk. To compensate for the rl�, hydrogen flows, and a con-
centration gradient ensues. The hydrogen flows from the higher
potential well in the bulk, to the lower potential well at the crack.
The potential well is lower at the crack because there the tensile
stress opens the lattice, thus making it easier to accommodate
Fig. 4. A representation of the crack tip geometry.

Fig. 5. A representation of how the chemical potential changes for hydrogen under
stress at a crack tip relative to the bulk. If tensile stress is applied at a crack for
which the initial hydrogen concentration is the same as in the bulk, then hydrogen
(circles in the figure) flows from the bulk to the stressed region because of the
chemical potential gradient. The barrier for diffusion jQdiff=Rj � 4100 K [42,43] is
much larger than the potential energy drop because of the tensile stress at the crack
tip: ðl�ðbÞ � l�ðaÞÞ=R equals 388 K at 20 �C and 248 K at 300 �C (Eq. (22)).
hydrogen atoms, so they are at lower potential energy. In the ab-
sence of an initial concentration gradient, the reason hydrogen
moves to the stressed crack is because of the difference in the
depths of the potential wells in the bulk and at the crack (i.e., the
drift term).

Hydrogen will cease to flow if equilibrium is reached, which is
when the chemical potential gradient is zero. At this point, the
chemical potential is the same everywhere, but getting to this
point has produced a concentration gradient,rC, which is of oppo-
site sign to the potential-well gradient, rl�, such that these terms
in Eq. (11) cancel and the flux of hydrogen is zero (in the absence of
an activity-coefficient gradient). Thus, hydrogen flows to the crack
tip, because of the drift term, but this flow is opposed by the con-
centration gradient term, until the equilibrium concentration is
reached. If the hydrogen concentration at the crack tip crosses
the threshold to precipitate hydrides before it reaches the equilib-
rium concentration, then hydrides will precipitate at the crack tip.
In this case, the concentration of hydrogen in solution in the vicin-
ity of the crack will be at the terminal solid solubility precipitation
limit: CP, which is independent of stress in accord with experimen-
tal and theoretical evidence as explained in the introduction. Be-
cause CP is below the equilibrium concentration, hydrogen will
continue to flow from the unstressed bulk to the crack tip until
the bulk hydrogen concentration decreases to the equilibrium va-
lue determined by equating the chemical potentials, Eq. (6), at
r ¼ a and at r ¼ b (Fig. 4) (i.e., lr¼a ¼ lr¼b), or by equating the equa-
tion for the hydrogen flux, Eq. (11), to zero (i.e., J = 0), and solving
for CðbÞ

CðbÞ ¼ CPðaÞ
cðaÞ
cðbÞ exp

l�ðaÞ � l�ðbÞ
RT

� �
ð12Þ

However, cracking is not an equilibrium process. As hydrogen
arrives at the crack tip, the hydride grows, and if and when the
conditions are appropriate (eg., K I > K IH, see Fig. 1), the hydride
will crack (Observations (a), (c) and (d)). If the process of cracking
the hydride is much faster than hydrogen diffusion (Observation
(c)), then the crack-tip propagation is diffusion limited. The criteria
for hydride cracking are not considered in this paper. It is sufficient
for the current purpose to assume that the hydride can crack and
that the continuous supply of hydrogen is sufficient to maintain
the formation and growth of crackable hydrides (i.e., J < 0 because
the hydrogen flux is from b to a). In this case, before equilibrium is
reached, the crack tip has moved ahead to the end of the cracked
hydride. The crack velocity can then be related to the hydrogen
flux, with the crack-tip hydrogen concentration in solution at CP.
The hydrogen concentration in solution in the unstressed bulk will
be at a value that depends on heating and cooling history, but for a
propagating crack it will always be greater than the equilibrium
value given by Eq. (12). The evolution of the hydrogen concentra-
tion in the bulk can be determined from Eq. (11) and mass-balance
relations. A closed-form solution for the flux can be obtained with
the assumption that the bulk hydrogen concentration in solution
does not change during cracking. The hydrogen concentration in
the bulk does not change significantly when small amounts of
hydrogen move to the crack tip because the bulk is vast compared
with the region around the crack tip – the ratio of the volume of
the bulk of a typical specimen to the volume of the plastic zone
and hydride at the crack tip is about 1000:1. In addition, as the hy-
dride cracks, the crack tip moves to a region where the bulk con-
centration is always less depleted. Hence, the crack tip is at the
TSSP concentration and the bulk is at a fixed value that depends
on heating and cooling history. With the concentrations set at
these fixed boundary values, there is no time dependence in the
concentrations of hydrogen in solution (i.e., steady-state conditions
apply), hence from the continuity, or conservation of mass,
equation,



Fig. 6. The TSS lines for Zr–2.5Nb [14] and some points that are used in the text to
illustrate the DFM (Section 3.1). Temperature T4 and T5 are the same as those in
Fig. 2. The crack-tip hydrogen concentrations were calculated using Eq. (18)
assuming the bulk concentration remains constant at Ct .
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r � J ¼ � @C
@t

ð13Þ

the divergence of the flux equals zero, because @C=@t ¼ 0.
Solving r � J ¼ 0 for the flux through a cylinder with inner and

outer radii of a and b, respectively (see Fig. 4), yields

J ¼
�D exp l�ðbÞ�l�ð0Þ

RT

h i
rU

CðbÞcðbÞ � CðaÞcðaÞ exp
l�ðaÞ � l�ðbÞ

RT

� �� �

ð14Þ

where l�ð0Þ is the potential-well depth at r ¼ 0, and

U ¼
Z b

a
cðrÞ

exp l�ðrÞ�l�ð0Þ
RT

h i
dr

r
ð15Þ

Eq. (14) is the steady-state flux between a and b that is required
to maintain constant concentrations CðaÞ and CðbÞ; it depends on
the hydrogen concentrations and the difference in the depths of
the hydrogen potential wells at these radii. If the crack is under
tension, then l�ðaÞ < l�ðbÞ and the flux will be negative, that is,
from b to a, and the hydrogen concentration will increase at the
crack tip. If the region is under compression then the flux will be
in the opposite direction.

The number of hydrogen atoms, dn, crossing the cylindrical
boundary per time, dt, at radius r for an infinitely sharp crack
(Fig. 4) whose velocity is limited by diffusion is

dn
dt
¼
Z 2p

0
dhrJ ¼ 2prJ ð16Þ

If cracking is limited by the rate of hydrogen reaching the crack
tip, then the crack velocity will be proportional to dn=dt. Defining
the proportionality constant as kðTÞ, to emphasize its temperature
dependence, the crack velocity is

vcðTÞ ¼
kðTÞ2pD

U
exp

l�ðbÞ � l�ð0Þ
RT

� �

� CðbÞcðbÞ � CðaÞcðaÞ exp
l�ðaÞ � l�ðbÞ

RT

� �� �
ð17Þ

Eq. (17) is the crack velocity under stress derived from the stea-
dy-state solution for the hydrogen flux. For a crack with no applied
stress, and equal hydrogen concentration everywhere, there is no
flux of hydrogen. If stress is applied to the crack, then initially
the activity of hydrogen in solution is the same at the crack tip
as it is in the bulk, because the hydrogen cannot move instanta-
neously. Hence, initially CðaÞcðaÞ ¼ CðbÞcðbÞ, and the driving force
for the hydrogen flux is the difference in the depths of the potential
wells for hydrogen at the crack tip and in the bulk: l�ðaÞ � l�ðbÞ; if
not for this difference, the large square bracket in Eq. (14) (and Eq.
(17)) would be zero. This ‘potential-energy’ difference causes
hydrogen to flow to the crack tip: the flux is negative (i.e., J < 0),
and the crack tip acts as a sink where hydrogen in solution disap-
pears as it becomes hydride. The steady-state solution for the
hydrogen flux is appropriate when the volume of the bulk is much
greater than the volume of the crack tip region, and when the ‘po-
tential-energy’ difference is large enough so that hydrogen will
flow until the concentration at the crack tip reaches the point
where hydrides can nucleate, after which the concentration of
hydrogen in solution will be at the TSSP value, where it remains
as the hydride grows and cracks (if K I > K IH, see Fig. 1). In this case,
the crack tip propagates with a velocity given by Eq. (17). The
growth of the hydride limits the crack propagation, hence the con-
nection between hydrogen flux and crack velocity. If the concen-
tration of hydrogen in solution at the crack tip is not sufficient to
cause precipitation there, or if the bulk concentration changes sig-
nificantly as hydrogen accumulates at the crack tip, then the stea-
dy-state solution no longer applies, the solution is transient, and
eventually equilibrium is reached: the concentrations of hydrogen
in solution satisfy Eq. (12) (i.e., J = 0).

3. Some examples

Seven examples will be used to illustrate the DFM. The first
three examples will require only equations for the temperature
dependence of the yield strength, and TSSP as a function of temper-
ature, but not stress, and a simple equation (Eq. (18)) derived from
the definition that at equilibrium the chemical potentials of hydro-
gen in solution are the same everywhere. The last four examples
will make use of the theory just developed for the crack velocity.
These examples will explain the effect of heating and cooling his-
tories depicted in Fig. 2.

3.1. Heat, load and cool without hydride precipitation: T4 � T5, Fig. 2

To illustrate the DFM, consider a cracked compact tension spec-
imen of Zr–2.5Nb with bulk hydrogen concentration of 60 ppm
heated to 340 �C, which is beyond the TSSD temperature of
302 �C, then put under tension, and then cooled, but not enough
to precipitate hydrides. The concentrations in the bulk and at the
crack are shown approximately in Fig. 6. Upon applying a tensile
load to the crack, hydrogen diffuses to the crack tip from the bulk.
The concentration of hydrogen at the crack tip can be written in
terms of the bulk hydrogen concentration by rearranging Eq. (12):

CðaÞ ¼ CðbÞ cðbÞ
cðaÞ exp

l�ðbÞ � l�ðaÞ
RT

� �
ð18Þ

The bulk concentration, CðbÞ, does not change appreciably
remaining at 60 ppm as the specimen is cooled. When the crack-
tip hydrogen concentration in solution reaches TSSP at T5

(243 �C), hydrides can precipitate at the crack tip.
The potential energy difference for hydrogen in the bulk and at

the stressed crack tip, l�ðbÞ � l�ðaÞ, can be estimated from small-
strain deformation, elastic-plastic fracture mechanics theory [44].
If the material undergoing cracking behaves as a rigid body that
deforms elastically, then an applied tensile stress would result in
an infinite ‘singular’ stress at the crack tip. Slip-line theory resolves
the singularity with a plastic zone in front of the crack tip that lim-
its the stress to the yield strength for the material [45,46]. Because
of conservation of energy, the pressure–volume work done on the



Fig. 7. The TSS lines for Zr–2.5Nb [14] and some data obtained by cooling cracked
Zr–2.5Nb specimens under tensile stress and measuring the temperature at which
cracking started: squares [26]; triangles [52]; circles [28]; diamonds are irradiated
Zircaloy cracking data [29]. The dashed curve is the DFM prediction, which was
calculated as described in Section 3.1.
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system when the tensile stress is applied is equal and opposite to
the free energy change in the material, which per mole of hydrogen
is [47]

l�ðbÞ � l�ðaÞ ¼ �rhVH ð19Þ

where VH is the partial hydrogen molar volume (1:7�
10�6 m3=ðmolðHÞ [23,48]) and rh is the hydrostatic pressure. The
‘confining’ hydrostatic pressure is negative for a tensile stress and
is given by the trace of the stress tensor divided by three. The prin-
cipal components for a Mode 1 plain-strain perfectly-plastic crack
tip are given in Section 5.3.1 of [49], or in Eq. 2.85 in [50], from
which the hydrostatic pressure can be derived in terms of the yield
strength:

rh ¼ �2:4ry ð20Þ

where ry is the yield strength, which for typical Zr–2.5Nb is given
by

ry ðMPaÞ ¼ 810� 1:02T ð�CÞ ð21Þ

which is based on data in [51]. Substituting Eqs. (20) and (21) into
Eq. (19) and dividing by R, yields

l�ðbÞ � l�ðaÞ
R

¼ 398� 0:50T ð�CÞ ð22Þ

As an example, for a temperature of 250 �C,

l�ðbÞ � l�ðaÞ
R

¼ 272 K ð23Þ

The equilibrium concentration of hydrogen at the crack tip can
be calculated as a function of temperature by substituting Eq. (22)
into Eq. (18). Fig. 6 provides an example with a hydrogen concen-
tration, CT , of 60 ppm and with cðbÞ=cðaÞ ¼ 1. At T4 ¼ 340 �C, the
hydrostatic stress at the crack tip increases the hydrogen concen-
tration in solution to CCTðT4Þ (87 ppm). With further cooling, the
crack-tip hydrogen concentration increases because ry increases;
the hydrogen concentration at the crack tip follows the dashed
‘‘Crack Tip Hydrogen Concentration” line in Fig. 6. As the TSSD line
shown in the figure is crossed at 302 �C, the hydrogen concentra-
tion in solution increases to 92 ppm, which is below TSSP. If cool-
ing were stopped at this point, then no precipitates would form. At
T5 (283 �C), TSSP is reached as the crack-tip hydrogen concentra-
tion increases to CPðT5Þ, 95 ppm. For further cooling to TP, the equi-
librium hydrogen concentration at the crack tip calculated with Eq.
(18) is above the TSSP concentration, as long as the bulk concentra-
tion remains at 60 ppm: strictly, during this cooling the concentra-
tion of hydrogen in solution in the bulk has decreased because
hydrogen has moved to the crack tip. However, the change in con-
centration in the bulk is negligible because its volume is so much
bigger than the region around the crack tip. The crack tip hydrogen
concentration in solution cannot exceed the TSSP value, and hy-
drides can now precipitate at the crack tip. These conditions –
the bulk concentration remainings constant and the crack-tip con-
centration being at TSSP – represent the steady state approxima-
tion leading to Eq. (14) for the hydrogen flux. As more hydrogen
arrives at the crack tip, the hydride can grow. Eventually, the hy-
dride could crack, if K I > K IH (Fig. 1). Note that T5 is 40 �C above
the TSSP temperature, TP, so that no hydrides are present in the
bulk for this illustrative example.

Much experimental evidence is available to support this behav-
iour of hydrogen at a crack. Results from tests demonstrating hy-
dride formation and cracking in Zircaloy and Zr–2.5Nb at
temperatures between TSSD and TSSP are shown in Fig. 7. In the
literature this temperature is called the ‘‘effective solvus tempera-
ture” [26] (see also Section 3.6) or T5 [52,53], TRIT [29,54] or Tcr

[28]. These values were obtained by cooling cracked specimens
and measuring the temperature at which cracking started under
stress. The dashed line in Fig. 7 is the DFM prediction calculated
following the method outlined above and in Fig. 6 for finding T5,
which is the onset temperature for cracking during cooling under
stress.
3.2. Heat, cool to precipitate hydrides, and heat with load: T1 � T3,
Fig. 2

A second illustrative example of the DFM is outlined in Fig. 8. In
this example, cracked irradiated Zircaloy specimens are subjected
to a tensile stress and heated from two different starting tempera-
tures: T1 equal to 25 and 200 �C. The hydrogen concentrations
shown in the figure were calculated with Eq. (18) following the
example in Section 3.1, but with the equations for TSSP, TSSD
[13], and ry [29] for irradiated Zircaloy weld material. As the spec-
imens depicted in the figure are heated, the hydrogen flux is ini-
tially negative (Eq. (11)), and hydrogen flows from the bulk to
the crack tip; in accord with the steady-state approximation, the
hydrogen concentrations in solution in the bulk remain fixed at
the TSSP concentrations at the starting temperatures and appear
as horizontal lines in Fig. 8. The crack-tip concentrations calculated
with Eq. (18) are shown as dotted lines in the figure; on heating,
these concentrations decline because ry is decreasing while the
bulk concentrations remain constant. The hydrogen concentrations
at the crack tip calculated with Eq. (18) are greater than the TSSP
values, but the concentrations of hydrogen in solution at the crack
tips cannot exceed TSSP, so they follow the TSSP line until a tem-
perature is reached, T3 (� 122 �C for the lower starting tempera-
ture, and � 243 �C for the higher starting temperature in the
figure), at which point the hydrogen flux goes to zero; cracking
slows down and eventually stops. If the temperature is increased
above the arrest temperature, initially the hydrogen flux is positive
as the concentration gradient term dominates the hydrostatic
stress term in Eq. (11), and hydrogen flows to the bulk from the
crack-tip hydride. Eventually, equilibrium is reached at which
point the hydrogen flux is zero. Hydride growth and cracking can-
not restart above the arrest temperature because J P 0.

The temperature where cracking starts to slow down has been
called TDAT [54] and T2 [53], and where it stops completely is called
T3 [53,52] and also sometimes TDAT [29,55], this latter usage of TDAT

is preferred because crack arrest is easier to discern than the point
of slowing down. These temperatures depend on the starting tem-



Fig. 8. The solid curves are the TSSP and TSSD lines for irradiated Zircaloy [13]. Two
experiments are depicted in the figure. In both cases a cracked specimen with at
least 36 ppm of hydrogen is heated to dissolve all of the hydrides and then cooled,
in one instance to T1 ¼ 25 �C and in the other to T1 ¼ 200 �C. The specimens are
loaded and then heated again, as shown in the figure. The bulk hydrogen
concentration in solution follows the solid horizontal lines. The crack-tip ‘equilib-
rium’ concentrations are shown as the dotted lines in the figure; they were
calculated with Eq. (18) assuming the bulk concentration of hydrogen in solution
remains constant, in accord with the steady-state approximation. The crack-tip
concentrations cannot exceed TSSP, so as the specimens are heated the crack-tip
concentrations follow the TSSP curve, as shown by the dashed lines in the figure.
The flux of hydrogen is given by Eq. (11). Below T3 the hydrogen flux is negative and
hydrogen flows from the bulk to the hydrides. At T3, the flux goes to zero, and at
higher temperatures becomes positive so that hydrogen flows from the hydrides to
the bulk.
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perature, T1, as long as it is low enough to cause precipitation (i.e.,
below the TSSP temperature for the hydrogen concentration); the
values estimated by experiment agree with those derived in the
same way as in this illustrative application of the DFM, Fig. 9. In
addition to the results on irradiated Zircaloy, data from cold-
worked Zr–2.5Nb are included in Fig. 9. The difference in yield
strength between the two materials is small and the predictions
of T3 are within the scatter of the data. Thus, we infer that TSSP
for cold-worked Zr–2.5Nb is similar to that of irradiated Zircaloy
at low temperatures (<170 �C). The data appear to be systemati-
cally above the predicted line in the figure, which suggests that
Fig. 9. The crack arrest temperature, T3, upon heating from a minimum starting
temperature, T1. The line in the figure represents a simulation based on Eq. (18) and
TSSP, TSSD and ry equations for irradiated Zircaloy, as discussed in Section 3.2; the
open circles in the plot are for irradiated Zircaloy [29]. The data represented by the
other symbols are for cold-worked Zr–2.5Nb: the squares are for cracks in the radial
direction [54], and the diamond symbols represent cracks in the axial direction [55].
there may be hysteresis about the point where the cracking is pre-
dicted to stop and start. This hysteresis is discussed more in the
next example in which the specimens are cooled, but not enough
to cause precipitation in the bulk.

3.3. Heat, cool without hydride precipitation, and heat with load
(following Section 3.1, then heat until cracking stops)

In this example, specimens of Zr–2.5Nb are heated so that all of
the hydrogen is in solution, and then cooled through the dashed
line in Fig. 7, but not low enough to cause precipitation in the bulk
(i.e., never below the TSSP temperature), and then reheated so that
the dashed line in Fig. 7 is crossed. As the specimen is cooled it will
start cracking when it first crosses the dashed line, and when it is
reheated it will stop cracking when it crosses the dashed line again.
The bulk concentration does not change during this heat-cool-heat
cycle because the amount of hydrogen moving to the crack tip is
small and the temperature never goes below the TSSP temperature.
It is found experimentally that the crack initiation/arrest tempera-
ture is mainly below the TSSD temperature calculated with the
TSSD equation given in [14]: Fig. 10 shows the predicted differ-
ences between the two, along with experimental results from
[28]. The crack initiation temperatures on cooling are generally be-
low the crack arrest temperatures on heating, which suggests, as in
the previous example, that that there may be hysteresis about the
temperature where the cracking is predicted to start and stop.

Initial attempts to explain results like these with the PFM were
unsuccessful because the arrest temperatures were predicted to be
above the TSSD temperatures rather than below as observed [18].
The correct sign and magnitude of the difference was obtained
with a modified version of the PFM in which it was postulated that
‘‘the crack tip hydride is elastically highly constrained” [18]. In
contrast, the agreement between observations and the DFM pre-
dictions can be seen in Fig. 10; the DFM predictions were calcu-
lated using only the equations for the temperature dependence
of TSSP and yield strength given above, with no extra postulates re-
quired; the TSSD equation was used only to provide a reference
temperature for the difference.

3.4. Cool from T4 to precipitate various amounts of hydride, heat to a
common test temperature

In temperature cycling experiments, cracking can be switched
on by cooling and switched off by heating [56]. This effect can be
Fig. 10. The line in the figure represents a simulation based on TSSP, TSSD and ry

equations for Zr–2.5Nb, as described in Section 3.3. The data represented by the
filled circles are for cracking on cooling, and the open cirles are results for crack
arrest upon heating [28].



Fig. 11. Crack velocity data versus Hydrogen concentration in the bulk: the crack
velocity data are from [21] and hydrogen concentrations in the bulk are calculated
from Eq. (27) at the undercooling temperatures, with the exception of the 60 ppm
value which is the total concentration in the sample. The ±5 ppm error bars in the
concentrations are from [21]. The errors in the velocities are assumed to be equal to
the standard deviations obtained from the distribution of 80 DHC velocity
measurements made under the same conditions [30], with the exception of the
60 ppm error, which is the standard deviation divided by the square root of the
number of observations. The velocities at 60 ppm in [21] and [30] are the same. The
line in the plot was determined by least-squares regression with each datum
weighted by the squared inverse of the assumed error. The line is consistent
with Eqs. (24) or (34), where the slope and intercept are defined in the text
depending on whether Eqs. (24) or (34) is used. The linearity of the plot ðr2 ¼ 0:9Þ
demonstrates that both the DFM and PFM provide a reasonable explanation of
undercooling data.
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exploited in reactor operation by temperature manoeuvres to min-
imize cracking [57]. In addition, temperature manoeuvres can be
used to stimulate crack growth safely to aid in leak detection and
location [58].

In the fourth illustrative example, we use the DFM to explain
the effect of complicated thermal manoeuvres where specimens
are heated to put all of the hydrogen into solution, then ‘under-
cooled’ to different temperatures (relative to the test temperature)
to precipitate different amounts of hydrogen, and then heated to a
common test temperature and loaded to the same amount. We use
the experiments described by Kim [21] because he suggests that
the results are ‘‘difficult to understand with the hypothesis that
the stress gradient is a driving force for the DHC”; in other words,
how does one obtain different crack velocities with various ther-
mal histories using the same applied stress conditions?

3.4.1. Explaining the results by the DFM
The experimental specimens were Zr–2.5Nb with 60 ppm total

hydrogen concentrations. These specimens were heated to 310 �C
apparently for enough time to dissolve all of the hydrides, and then
undercooled to 250, 240, 230, 220 and 210 �C, which is sufficient to
begin hydride precipitation in all but for the first temperature. The
temperatures of all of the specimens were then stabilized at 250 �C
(which was the test temperature, Tt) and the same load (stress
intensity factor of 15 MPa

ffiffiffiffiffi
m
p

) applied to each, which led to crack-
ing. The crack velocities were different, and depended on the
amount of undercooling relative to the 250 �C test temperature.
However, by design, each specimen was identically loaded; Kim
is apparently suggesting that a stress-gradient model should pre-
dict no change in velocities, because the identical loading produces
stress gradients that are the same for all specimens. The challenge
is to explain how these undercooling results are consistent with
the picture of hydrogen moving because of a stress gradient, which
is the DFM developed in this paper. The answer can be given with
reference to Eq. (11) where it can be seen that different hydrogen
fluxes are expected for the samerl� if the concentration gradients
are different, as they are for the different undercoolings. However,
rl� is the same if the loads are all the same, or even if they are dif-
ferent because under any tensile stress the crack tip will always be
at the yield strength (Section 3.1). The stress intensity factor re-
lates to the applied stress and only needs to be large enough to
crack the hydride.

For cracking experiments done at one temperature, CðaÞ in Eq.
(17) will be constant at the TSSP solubility limit for that tempera-
ture. The concentration of hydrogen in solution in the bulk, CðbÞ,
will depend on the heating and cooling history. For the experiment,
the values of CðbÞwill be given by the TSSP equation for the various
undercooling temperatures, Tuc , assuming the undercooling in each
case was for sufficient time so that these values were reached. For
the undercooling experiment, Eq. (17) is rewritten as

vcðTtÞ ¼ DFMW CPðTucÞ � CPðTtÞ
cðaÞ
cðbÞ exp

l�ðaÞ � l�ðbÞ
RTt

� �� �
ð24Þ

where DFMW , which implicitly depends on strength, is given by

DFMW ¼ kðTtÞ2pDcðbÞ
U

exp
l�ðbÞ � l�ð0Þ

RTt

� �
ð25Þ

Hence, a plot of velocity versus CPðTucÞwill have slope DFMW and
intercept

� DFMWCPðTtÞ
cðaÞ
cðbÞ exp

l�ðaÞ � l�ðbÞ
RTt

� �� �
ð26Þ

Fig. 11 shows Kim’s reported velocities plotted versus their cor-
responding TSSP concentrations calculated at the undercooling
temperatures from [14]:
CPðTÞ ¼ 4:11� 104 expð�28000=8:314TÞ½ppm� ð27Þ

The linearity of the plot is reasonable ðr2 ¼ 0:9Þ and hence the
stress-gradient model (DFM) provides a reasonable description
and explanation of the undercooling data.

The experimentally determined values for the slope and the
intercept can be used to estimate the potential energy difference
between the bulk and the crack tip. The parameter DFMW can be
eliminated by taking the ratio of the intercept to the slope:

�CPðTtÞ
cðaÞ
cðbÞ exp

l�ðaÞ � l�ðbÞ
RTt

� �
ð28Þ

With CPðTtÞ for Tt ¼ 250 �C from Eq. (27), and assuming
cðaÞ=cðbÞ � 1, then

l�ðaÞ � l�ðbÞ
R

¼ �285	 34 K ð29Þ

This value compares well with the calculated potential
energy difference, �272 K, for the test temperature of 250 �C (Eq.
(23)).

3.4.2. Explaining the results by the PFM
In Kim’s original paper [21] he simply presents the results and

says they demonstrate his model: Kim claims that a strong corre-
lation between the logarithm of the crack velocity and the amount
of undercooling, or the difference in the hydrogen concentration
between the bulk and the crack tip, confirms that concentration
differences are the driving force for DHC. Here we use his concep-
tual picture and apply the appropriate analysis.

As a precursor to the PFM explanation of the undercooling
experiment, Eq. (24) is rewritten in terms of an ‘effective’ concen-
tration at the crack tip:

vcðTtÞ ¼ DFMW CPðTucÞ � eff Cs
tipðTtÞ

h i
ð30Þ



Fig. 12. Logarithm of crack velocity versus reciprocal temperature: the crack
velocity data and their associated standard deviation errors are from [30]. The open
circles are the DFM predictions, which are described in Section 3.5.
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where

eff Cs
tipðTtÞ ¼ CPðTtÞ

cðaÞ
cðbÞ exp

l�ðaÞ � l�ðbÞ
RTt

� �
ð31Þ

These equations suggest that the crack velocity formula derived
from the gradient of the chemical potential can be thought of in
terms of concentrations, if the effect of the tensile stress at the
crack tip is pictured to reduce the concentration of hydrogen in
solution from CP to an effective value eff Cs

tip. However, care must
be taken not to assign any undue physical significance to this
‘effective’ concentration.

There is no stress gradient in the PFM, so, in the absence of an
activity-coefficient gradient, Eq. (11) reduces to

J ¼ �DrC ð32Þ

Following the argument leading to the DFM velocity formula
(Eq. (17)) (i.e., solving r � J ¼ 0 for the steady-state solution, inte-
grating over the angular dependence and multiplying by the pro-
portionality constant, kðTÞ to give the crack velocity) the
equivalent crack velocity based on a concentration gradient is

PFMvcðTtÞ ¼
kðTtÞ2pD
lnðb=aÞ ðCðbÞ � CðaÞÞ ð33Þ

which is Eq. (17) with all differences between l� terms equal to
zero, and where the activity coefficients are unity (see [59] for an
alternate derivation of Eq. (33)).

In the PFM interpretation provided by Kim [21] for the the und-
ercooling experiment, the bulk concentrations are ‘supersaturated’
at the TSSP values for the various undercooling temperatures, as in
the DFM interpretation, but the crack tip is at the TSSD concentra-
tion, PFMCDðTtÞ, because the applied stress has induced precipita-
tion of the supersaturated hydrogen at the crack tip thereby
lowering the concentration to the TSSD value. Thus,

PFMvcðTtÞ ¼ PFMWðCPðTucÞ � PFMCDðTtÞÞ ð34Þ

where

PFMW ¼ kðTÞ2pD
lnðb=aÞ ð35Þ

which is Eq. (25) without stress, and thus with all differences be-
tween l� terms equal to zero.

Eq. (34) has the same linear form as the corresponding equation
for the DFM (Eq. (30)). Thus, the same plot of velocity versus
CPðTucÞ (Fig. 11) shows that the PFM could be used to describe
the cracking data from undercooled specimens. (Note that the rela-
tionship is linear and not logarithmic as plotted by Kim [21].) The
intercept divided by the slope should be equal to the PFM-TSSD
concentration at 250 �C, which is also the concentration at zero
crack velocity in Fig. 11,

PFMCDð250 �CÞ ¼ 38	 4 ppm ð36Þ

This concentration is also the value obtained for the effective
concentration at the crack tip calculated by Eq. (31). In addition,
this point where the crack velocity goes to zero for the under-
cool-heat-load experiments (Eq. (36): 38 ppm at 250 �C) falls on
the dashed line in Fig. 7, which shows where cracking will just start
during cooling under load.

3.5. Crack velocities after heating, and cooling to above and below
TSSP

In this fifth example of the DFM, the crack velocity formula
developed in this paper will be used to show the Arrhenius-like
behaviour upon cooling described by Eq. (1). Representative
crack-velocity data from an international ‘round-robin’ study [30]
are shown as filled circles in Fig. 12. These data were obtained
by heating pre-cracked compact tension specimens of Zr–2.5Nb
with seven total hydrogen concentrations (Ct ¼ 29;31;34;38;
45;58, and 72 ppm) to temperatures well beyond the dissolution
solvus temperatures, and then cooling to seven test temperatures
(Tt ¼ 144;162;182;203;227;250 and 283 �C, respectively): the er-
ror bars in the plot represent standard deviations calculated from a
total of 166 separate measurements. The specimens with the three
highest concentrations were tested at temperatures that were
above the TSSP temperatures (calculated with Eq. (27)) for the cor-
responding total hydrogen concentrations; the four lower concen-
tration specimens were tested at temperatures that were below
the TSSP temperature.

The data in Fig. 12 can be predicted with the DFM. Once crack-
ing has begun, the hydrogen concentraion in solution at the crack
tip will be at the TSSP value and, following Section 3.4, Eq. (17) can
be rewritten as

vcðTtÞ ¼ DFMW CðbÞ � CPðTtÞ
cðaÞ
cðbÞ exp

l�ðaÞ � l�ðbÞ
RTt

� �� �
ð37Þ

The hydrogen concentration in solution in the bulk will depend
on whether the test temperature, Tt , is above or below the TSSP
temperature, TTSSP,

CðbÞ ¼ Ct for Tt > TTSSP ð38Þ
CðbÞ ¼ CPðTtÞ for Tt < TTSSP ð39Þ

Values for CP are calculated by Eq. (27), which is also used to
calculated TTSSP for the various values of Ct . The value of
l�ðaÞ � l�ðbÞ for Zr–2.5Nb is given by Eq. (22). An estimate for
DFMW at 250 �C is given by the slope of the line shown in
(Fig. 11), as discussed in Section 3.4. Values for DFMW at other tem-
peratures can be estimated using Eq. (25), with the assumption
that the temperature dependence of the diffusion constant overw-
elms the temperature dependencies of the other terms in the equa-
tion. This approach is reasonable because the barrier for diffusion
jQdiff=Rj � 4100 K [42,43] is much larger than the similar terms
in Eq. (25) containing potential energy differences, which are
expected to be in the range of a few 100 K (eg.,
l�ðbÞ � l�ðaÞ � 270 K; see Fig. 5), which is well within the error
for the value for the barrier.

The open circles in Fig. 12 show the predictions of the DFM (Eq.
(37)). The DFM predictions are within two standard deviations of
the mean experimental values for all but the lowest test tempera-
ture. (Thus justifying the assumption that the temperature depen-
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dence of DFMW is mostly determined by the temperature depen-
dence of the diffusion constant.) The lowest temperature datum,
for which Tt ¼ 144 �C, is well below the temperature where the
TSSP line for irradiated Zircaloy changed discontinuously at about
170 �C, as shown in Fig. 8. A similar discontinuous change is ex-
pected for Zr–2.5Nb based on the low temperature results shown
in Fig. 9: the predictions for T3 � T1 do not rise for temperatures
below 170 �C otherwise. If the crack velocity is estimated with
the Zircaloy TSSP equation for temperatures below 170 �C [13], in-
stead of Eq. (27), then the prediction at Tt ¼ 144 �C is shown as the
open box in Fig. 12.

The data and DFM predictions plotted in Fig. 12 show a general
negative linear trend when the logarithm of the crack velocity is
plotted versus reciprocal temperature, which is in accord with
the general Arrhenius form (Eq. (1)). The DFM predictions and
the experimental observations are both consistent with an appar-
ent activation energy for DHC of Q ¼ 47 kJ=mol. However, the
DFM shows that an Arrhenius dependence is not always to be ex-
pected, as can be seen from the prediction for the highest temper-
ature datum in Fig. 12. This predicted velocity is less than the
predicted velocity at the next lower temperature. For instances
when the test temperature is above TTSSP, the crack velocity is very
sensitive to the difference between Tt and TTSSP: as the difference
increases, the crack velocity decreases (and eventually goes to
zero) because the concentration gradient that opposes hydrogen
flowing to the crack tip increases. Thus, depending on the choice
of test temperature relative to precipitation temperature, the crack
velocity could exhibit very non-Arrhenius behaviour, which could
look like a high-temperature DHC limit, for example.

An example of high-temperature non-Arrhenius behaviour is
expected between T5 and T6 in Fig. 2 and is shown in Fig. 13
[52]. These data were obtained from single specimens of the same
material as in Fig. 12 that were heated to put all of the hydrogen
into solution, and then cooled and the crack velocity measured,
and then reheated again to put all of the hydrogen into solution,
and cooled again to a different temperature and the crack velocity
measured. This procedure was repeated several times. In the work
described in Fig. 12, only one crack-velocity measurement was
made per specimen: the specimens were not reheated and cooled
again; the single-specimen method tends to produce lower values
of vc. The crack-velocity predictions shown in Fig. 13 were calcu-
lated with the TSSP2 equation given in the Ref. [52], rather than
Eq. (27), because the TSSP2 equation is consistent with the TSSD
Fig. 13. Demonstration of T5 and T6 (Fig. 2) with crack velocity measured during
cooling from T4. The crack velocity data are shown as filled symbols for four total
hydrogen concentrations: 24 (up-triangles), 34 (circles), 53 (down-triangles) and
60 ppm (squares) [52]. The open symbols are the DFM predictions, which are
described in Section 3.5.
line on which DSC measurements of samples taken from these
specimens fall (see Fig. 5 of [52]). Although the crack velocities
are generally underpredicted, predicted values of the T5 (onset)
and T6 (peak) temperatures agree with the observations.

Crack velocity predictions based on Eq. (27) were not nearly as
good, which emphasizes the sensitivity of the predictions to TSSP,
especially when predicting crack arrest temperatures which
require accurate small differences between large terms in the
velocity equations given above. TSS of Zr–2.5Nb changes with
heat-treatment because of the decomposition of the b-Zr phase
[60]. Eq. (27) [14] provides an average value. For determinations
of DHC velocities, as in this example, accurate and appropriate val-
ues of TSSP are required.
3.6. Incubation times

Time is required to build up the hydrogen concentration at the
crack tip to reach the critical condition to crack the hydride [61].
This incubation time can be detected by onset of acoustic emission,
or deviations in potential drop accompanying crack opening. The
striations that are observed on the fracture surface after DHC in
Zr–2.5Nb have been interpreted as representing cracked hydride
[62]. In principle one can estimate the expected incubation time
by dividing the striation spacings by the crack velocity. Using the
observed values of striation spacing [30] and the calculated values
of crack velocity (Section 3.5) we find that the predicted incubation
times are close to the mean values observed using potential drop,
and follow the same temperature dependence, with a notable in-
crease at the highest test temperature, Fig. 14. The spread of ob-
served incubation times is large because the sensitivity of some
test equipment was insufficient to resolve the starting point of
cracking and variation in preparation of the starting crack could af-
fect its initial stress distribution.

The above interpretation can be extended to temperatures close
to T5 (Fig. 2), as shown by the dotted line in Fig. 15. In this example,
the incubation times were measured by acoustic emission [26,27].
The specimen contained a mixture of hydrogen and deuterium
(46 ppm equivalent total hydrogen) and cracking was observed
in what was originally the radial direction of a Zr–2.5Nb pressure
tube. Scaling the predicted incubation times by the ratio of the ax-
ial to radial crack velocities in the temperature range of the tests
[14] and using a diffusion constant

ffiffiffi
2
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times smaller to account
for the mainly deuterium solute, provides a close prediction of
Fig. 14. Mean incubation times for Zr–2.5Nb DHC shown as filled circles with their
associated standard deviation errors from [30]; the corresponding crack velocities
are shown in Fig. 12. The open circles show the predictions, which are described in
Section 3.6.



Fig. 15. Temperature dependence of incubation times for Zr–2.5Nb DHC showing
increase in incubation time when the temperature is close to the effective solubility
limit - dotted line - from [27], filled circles. The open circles show the predictions,
which are described in Section 3.6.
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the observed behaviour, Fig. 15. Close to T5 the incubation time in-
creases until a temperature is reached where no cracking is possi-
ble – in the experiments no cracking was observed after waiting for
50–90 h. This observation led to calling this temperature the
‘‘effective” TSSD temperature [26], as discussed in Section 3.1. This
temperature corresponds to the point on the dashed line in Fig. 7
where the total hydrogen concentration is 46 ppm.

The observation of striations in post-test examinations of cracks
is evidence that the crack front moves by discontinuous cracking
events [62,63] (Observation (c)). Figs. 14 and 15 show the agree-
ment of observed incubation times with times determined from
striation lengths divided by crack velocities calculated from diffu-
sion theory: the steps are large and quickly taken, but each step is
delayed by hydrogen diffusion, so that the crack velocity is diffu-
sion limited. This consistency between step length, velocity and
time supports the contention in Section 2 that diffusion controls
DHC velocity.
Fig. 16. Decline in crack velocity for Zr–2.5Nb at high temperatures: The measured
crack velocities are shown as filled symbols [64]. The open symbols are the DFM
predictions, which are described in Section 3.7. No cracking is observed above the
high-temperature limit at �350 �C.
3.7. High-temperature DHC limit

As the test temperature is increased, the steady-state solution
will become progressively less applicable. The flux can be so large
that the bulk is readily depleted and the requirements for steady
state no longer exist. The flux increases at higher temperatures be-
cause the diffusion constant increases with temperature, and be-
cause at high temperatures the concentrations of hydrogen in
solution at the crack tip and in the bulk become large enough so
that their associated activity coefficients are no longer equal, and
an activity-coefficient gradient further enhances diffusion from
the bulk to the crack tip via the last term on the right-hand-side
of Eq. (11). Activity coefficients are not known for zirconium. For
titanium, activity no longer increases linearly with concentration
above 2 at% hydrogen in solution [41]. If zirconium behaves like
titanium, then enhanced diffusion because of an activity-coeffi-
cient gradient would be expected to occur above 370 �C, which is
the Zircaloy TSSP temperature for 2 at% (220 ppm) hydrogen in
solution [13]; higher temperatures (�30–60 �C, depending on heat
treatment) are expected for Zr–2.5Nb because of partioning of
hydrogen to the b-Zr phase.

Even though steady-state conditions do not apply at high tem-
peratures, hydride is still precipitated at the crack tip, as long as
the crack-tip concentration calculated with Eq. (18) is above the
TSSP value, however, as the bulk concentration declines the flux to-
wards the crack tip decreases until equilibrium is reached and the
flux is zero. At equilibrium, the hydrogen concentration in solution
at the crack tip is given by the TSSP value, and the bulk hydrogen
concentration in solution is given by Eq. (12), although whether
equilibrium is reached before cracking will depend on the stress
intensity factor. For higher temperatures, the bulk hydrogen con-
centration in solution will decrease even faster, so the time to
make hydride before equilibrium is reached is even shorter, so
the net hydride production is less. Thus, in the high-temperature
limit where the steady-state approximation no longer applies,
the length of the hydride at the crack tip will be limited by the time
to get to equilibrium, which is shorter for higher temperatures.
Thus, a progressively greater K I will be required at these higher
temperatures to initiate cracking of the crack-tip hydride. Thus,
K IH will increase, and when it is greater than the applied stress
intensity factor, cracking will stop. Alternatively, cracking could
stop at these higher temperatures if equilibrium is reached because
the flux goes to zero: no flux, no cracking. Also, the stress at the
crack tip could be relaxed by creep resulting in a stress insufficient
to fracture the crack-tip hydrides [64].

High-temperature crack velocities are shown in Fig. 16 [64].
These data were obtained by heating to dissolution and then cool-
ing to the test temperature. The predictions derived from the stea-
dy-state solution (Section 3.4) are shown as open circles in the
figure. The steady-state solution does not agree well with the ob-
served crack velocities at high temperature. This observation is
consistent with the experimental observation that K IH increased
for these data beyond the stress intensity factor for the applied
loads [63,64]. Similar high-temperature data have been observed
for Zircaloy-4 [65], and likewise predictions made with the stea-
dy-state solution do not match well above the high-temperature
DHC limit, which happens at approximately 300 �C for Zircaloy-4
(c.f. �350 �C for Zr–2.5Nb, Fig. 16) [65].

4. Discussion

This paper describes a diffusion-based model for the mecha-
nism of DHC in zirconium alloys where the first step in the process
is the accumulation of hydrogen at the high tensile-stress region at
a crack tip. This process is driven by the (negative) gradient in
chemical potential, rl; when the stress is applied the chemical
potential is lowered at the crack tip relative to the bulk of the
material away from the crack tip. This gradient has the units of a
force and is able to move hydrogen in the metal lattice. If no hy-
dride precipitation intervenes, eventually the flux of hydrogen, J,
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goes to zero as l is equal everywhere; equilibrium is established.
The hydrogen concentration is greater at the crack tip than in the
bulk. The hydrogen concentration gradient exactly opposes the
stress-induced hydrogen movement to the crack tip. Experiments
have demonstrated that this process of hydrogen migration in a
stress gradient is measurable. As examples:


 the hydrogen concentration decreased in vanadium, tantalum
and niobium under hydraulic pressure [66] as expected from
Eq. (14) because l�ðaÞ > l�ðbÞ for compressive stress;


 with high tensile stresses hydrogen concentration increased in
4340 steel [67],


 in titanium alloys the equilibrium pressure of hydrogen at 600–
800 �C changed as the material was stressed in tension and com-
pression. Tension decreased the activity while compression
increased it; torsion had no effect [41], which suggests that
hydrostatic stress rather than deviatoric stress is responsible
for changes in activity.


 in Zr–2.5Nb subject to bending the hydrogen moved from the
region under compression to that in tension [48], having
attained equilibrium.

Further corroboration for this theory was that values of hydro-
gen partial molar volume, VH , determined from an analysis in terms
of chemical potentials, from these stressing experiments agreed
with those derived directly from measurements of changes in lattice
parameter by hydrogen in solution (see in Refs. [41,48,66,67]). A
beautiful non-hydrogen example can be found in the experiments
of Darken on the diffusion of interstitial carbon between iron alloys
[68]. There is no applied stress in these experiments, but they show
that movement of solute is due to the gradient of the chemical po-
tential and not the gradient of the concentration.

If the amount of hydrogen accumulated at the crack tip is suffi-
cient to exceed the terminal solid solubility limit for precipitation
(TSSP) then hydrides form. The flux of hydrogen is negative, and
hydrogen flows from the bulk to the crack tip, thus growing the hy-
dride that forms there. As a result, the bulk concentration will de-
crease although its volume is so much greater than that of the
highly stressed region that its concentration remains essentially
constant as the crack propagates. With the hydrogen concentration
in solution in the bulk at some constant value, and the crack tip at
the TSSP limit, a steady state ð@C=@t ¼ 0Þ is postulated to develop
as the hydride grows.

In Zr–2.5Nb a striation results when a crack extends by DHC.
Simultaneous monitoring of cracks by acoustic emission and po-
tential drop shows that cracking proceeds in a series of jumps. In
specially prepared specimens these jumps exactly corresponded
with each other and to the fracturing of hydrides and the formation
of striations [69]. This part of the process of DHC is therefore a sud-
den and fast event. The interpretation was that the rate of cracking
of hydride is much faster than the rate of accumulation of hydro-
gen to renew the hydride and, thus, it is this accumulation of
hydrogen that controls the rate of the development of the delayed
hydride crack: DHC is limited by the diffusion of hydrogen to the
crack tip under the influence of a (negative) chemical potential gra-
dient that results when a tensile stress is applied to the crack tip.
The diffusion first model developed in this paper describes the
DHC velocity in terms of a steady-state diffusion flux. This model
contains no criteria for hydride fracture: a description of KIH is be-
yond the scope of this model since this phenomena depends on
modeling cracking, not just hydrogen accumulation. In the preced-
ing sections, the diffusion first model successfully describes the ef-
fects of the main variables, especially temperature history, on crack
velocity.

In a series of papers Kim [21,22,70–77] has criticized this
diffusion first model on the following grounds:
1. The amplification of the hydrogen concentration at a crack tip was
said to be insufficient to precipitate hydrides [21]
The amplification by stress is insufficient to form hydrides
when the concentration of hydrogen in solution is at the TSSD
value at the temperature for TSSD, TD, as claimed in [21]. How-
ever, at some temperature lower than TD, TSSP can be exceeded
through the stress amplification well before the temperature for
TSSP, TP, is reached. In this paper, this temperature is identified
by the dashed line in Fig. 7, which also shows some of the
results of experiments that demonstrate the point, thus the
criticism of Kim is refuted.

2. The DFM cannot predict the temperature dependence of DHC,
especially the effects of heating and cooling.
The seven examples in Section 3, comprising 15 independent
data sets, provide ample demonstration that the DFM describes
the experimental data, including the effects of temperature
cycling.

3. The DFM cannot provide a rationale for the constant DHC velocity
independent of stress intensity factor, K I.
The independence of DHC velocity with K I is shown schemati-
cally in Fig. 1 by the stable-crack growth portion of the curve
between K IH and K IC. The stress intensity factor for Type I crack-
ing is proportional to the product of the applied stress and the
square root of the crack length [49,50]; neither the stress inten-
sity factor, nor the applied stress, nor the crack length, appear in
the DFM DHC-velocity equations presented in this paper. Thus,
in a trivial way, the DFM is independent of K I .
However, the DFM is not independent of hydrostatic stress. Any
applied tensile stress at the crack plastically deforms a small
region close to the crack tip. The resulting stress in the plastic
zone is limited by the peak hydrostatic stress, which is equal
to 2.4 times the yield strength (for a Mode I crack), which is
independent of the load on the component. The hydrostatic
stress changes the local depth of the potential well for hydrogen
in solution, and thus governs the hydrogen accumulation rate
and subsequent hydride growth rate, independent of K I.

This paper answers Kim’s criticisms.
In Section 3.4.2, by setting all the differences between l� terms

to zero in the DFM velocity equation, we obtained an equivalent
velocity equation for PFM. Both velocity equations equally well
represent the data shown in Fig. 11, thus these data cannot be used
to prove or refute either picture. The conclusion that stress gradi-
ents play no role in DHC [21] cannot be made based on these data.
Even though the models cannot be distinguished in this example, it
would be incorrect to infer that they were somehow equivalent.
The PFM picture relies on precipitation as the first step, and there
is no experimental or theoretical evidence for this assumption.
Such a process has to be demonstrated before any credence can
be placed on the PFM. The proposed DFM is robust and with no
unrealistic or unsupported assumptions. It is corroborated by the
independent observations of the movement of hydrogen in stress
gradients in several materials, including zirconium. It depends on
well-characterized and independently-measured variables, such
as the solubility limit, yield strength, diffusivity, and partial molar
volume of hydrogen in zirconium, and it quantitatively describes
many experimental observations.
5. Conclusion

The two main models for DHC of zirconium alloys are distin-
guished by their first step: either hydride precipitates at the crack
tip immediately on loading – the precipitate first model (PFM) – or
a flux of hydrogen is driven to the crack tip by the force generated
by the difference in chemical potential for hydrogen at the crack
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tip and the bulk material – the diffusion first model (DFM). The
DFM postulates that the hydrogen concentration at the crack tip
becomes greater than that in the bulk material. A hydride forms
once the terminal solid solubility for precipitation (TSSP) is ex-
ceeded. In this paper, the DFM has been used to describe quantita-
tively seven independent experimental observation sets, using
independently measured values of TSSP, yield strength, diffusivity,
and partial molar volume of hydrogen in zirconium.
Note added in proof

During the preparation of this paper the authors became aware
of a paper by M.P. Puls [78] one of the purposes of which was to
provide an updated version for the model for DHC as originally
proposed by Dutton and Puls [16–19] by using the sign convention
for tensile stress used in later versions of the model. This paper
demonstrated the physical incorrectness of a model for DHC prop-
agation proposed recently by Kim and co-workers [21,22,71–77]. It
also provides a rebuttal to their model in which it is suggested that
hydrogen movement down a gradient of chemical potential is irrel-
evant and spontaneous and preferential precipitation of hydride at
the crack tip upon load application is the first step for each succes-
sive stage of DHC.
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